
 

 

 
(27)   8.1   Integration By Parts(C) 

 

Example 1 Evaluate  න sinሺln ሻݔ December   1999   18 ݔ݀

Solution ܫ = න sinሺln ሻݔ  ݔ݀

             Let      ݐ = ln ݔ                       ⇒ ݁௧ = ⇒                      ݔ  ݁௧ ݀ݐ = ܫ ݔ݀ =  න ݁௧  sin ݐ ݑ              ݐ݀ = ݁௧                                         ݀ݒ = sin ݑ݀                  ݐ =  ݁௧ ݀ݒ                                   ݐ = − cos ܫ ݐ = ݒݑ − න ܫ ݑ݀ ݒ =  −݁௧  cos ݐ + න ݁௧  cos ݐ →                           ݐ݀   ଵܫ  1  = න ݁௧  cos ݐ ݑ              ݐ݀   = ݁௧                                                  ݀ݒ = cos ݑ݀            ݐ =  ݁௧ ݀ݒ                                             ݐ =  sin ݐ ଵܫ ݐ݀   = ݁௧ sin ݐ − න ݁௧ sin ݐ ݐ݀  = ݁௧ sin ݐ − →            ܫ  2   2    in   1  ܫ =  −݁௧  cos ݐ + ݁௧ sin ݐ − ܫ2  ܫ = ݁௧ sin ݐ − ݁௧  cos ݐ + ܿଵ ܫ = 12 ݁௧ sin ݐ − 12 ݁௧  cos ݐ + ܿ = 12 ݔ  sinሺln ሻݔ − 12 ݔ  cosሺln ሻݔ + ܿ   

 

Solution ܫ = න sinିଵሺ݁௫ሻ݁ି௫ ݐ          Let ݔ݀ = ݁௫           ⇒ ݐ݀ = ݁௫ ݀ݔ        ⇒ ݐ݀ = 1݁ି௫ ܫ ݔ݀ = න sinିଵ ݐ ݑ                   ݐ݀   = sinିଵ ݐ ݒ݀                                  = ݑ݀                  ݐ݀ = 1√1 − ଶݐ ݒ                                   = ܫ ݐ = ݒݑ − න ܫ ݑ݀ ݒ = sinିଵ ݐ ݐ − න 1√ݐ − ଶݐ ݐ݀   = sinିଵ ݐ ݐ + 12 න 1√ݐ2− − ଶݐ ݐ݀   = sinିଵ ݐ ݐ + 12  ∙ 2ඥ1 − ଶݐ  + ܿ 

   =  ݁௫ sinିଵ ݁௫ + √1 − ݁ଶ௫  + ܿ 
  

Example 2 Evaluate  න sinିଵሺ݁௫ሻ݁ି௫ May   2007   43 ݔ݀



Exa

ܫ = න          ܫ = ln                    ܫ = ܫݑ =  l   = ln
 

Exa

ܫ = න                    ܫ = ܫݑ =  12= =   ݔ 12 12
   
 

(27)

HOS 

ample 3

න 3௫ tan ିଵ        Let    1ݐn 3 න tanିଵ            ݑ ݑ݀          = ݒݑ= − න 1lnݑ݀ ݒ 3 tanି1n  ݐ  3 3௫  tanି
ample 4

න ݔ tanିଵ ݑ       ݔ = tan     ݀ݑ = ݒݑ1 − න ଶݔ 12ݑ݀ ݒ tanିଵ
ଶݔ tanିଵ ݔ ଶݔ 12− tanିଵ ݔ

)   8.1   Integ

SSAM   G

3 Evalu

3௫ =  ݔ݀ 3௫       ⇒ଵ ݐ tanିଵ ݐ݀  ݐ       11 + ଶݐ  ݑ       

ିଵ ݐ −  1ln 3 න
ିଵ 3௫ − 12ln
4 Evalu

nିଵ  ݔ݀ ݔ           1+ ଶݔ ݔ ݑ            −  12 න 1− 12 න ቆ1 +1 ݔ+ − 12 ݔ + 12

gration by p

GHANEM

uate  

⇒ ݐ݀   = 3௫

                                        
න 1ݐ + ଶݐ   ݀1n 3 lnሺ1 + 3
uate  

ݒ                ݒ݀               
+ଶݔ ଶݔ ݔ݀   =+ +ଶݔ ଶݔ − 11 +12 tanିଵ ݔ +

 

parts  (C)    

              M

න 3௫ tan
S

 ln 3    ݔ݀  
ݒ݀       = 1ln        ݒ = 1ln

ݐ݀ = 1ln 3 3௫ሻݐ  + ܿ 

න ݔ tanି
S

= = ݔ݀ ݔ  ଶݔ 12

= ଶݔ 12 tanି
ଶቇݔ ݔ݀  =+ ܿ 

                  

6516       

n ିଵ 3௫ ݔ݀
Solution

⇒  1ln 3 ݐ݀ 
1n 3 1n ݐ݀ 3  ݐ

 tanିଵ ݐ −
ିଵ ݔ  ݔ݀

Solution

ିଵ ݔ − 12 න12 ݔଶ tanିଵ

                 

    68855

n 

ݐ = 3௫  ݀ݔ

12ln 3 lnሺ1

n 

1 + ଶݔ − 11 + ݔଶݔ −  12 න 1

                  

              

+ ଶሻݐ + ܿ 

− ݔ݀  11 + ଶݔ   

                  

 غانم        

3

8

  ݔ݀

   P2 

حسام

30   July   

8   May    

2003

1997



Exa

ܫ ൌ න                    ܫ ൌ ܫݑ ൌ ߠ
 

 

ܫ ൌ ܫݑ݀    ݑ      ׬ ൌ ܫݑ ൌ ଶݔଶݔ2ݔ ܫ+ ൌ ݔ
 
 

Exa

(27)

HOS 

ample 5

ߠ
න ݔ tanିଵ 1 √ݔ + ݑ                ଶݔ ൌ             ݀ݒݑݑ − න sec ߠݑ݀ ݒ ߠ − ׬

׬ lnሺݔଶ + ൌݔ2  lnሺݔଶ +ൌ ݔ2 +ሺݔଶ + ݒݑݔ2 − න ଶݔlnሺ ݔݑ݀ ݒ + 2+ ݔ2ݔ2 + 2 ൌ ݔ2 lnሺݔଶ + ݔ2

ample 6

)   8.1   Integ

SSAM   G

5 Eva

ݔ ൌ tan tan ߠ ߠ ൌ  1ݔ

ൌ tanିଵሺݔ
ݔ݀  ൌ  න √ൌ ൌ              ߠ sec ݑ           ߠ݀ ߠ ߠ݀  ൌ

ݔ + 2ሻ + ݔ݀ ݔ2 + 2ሻ     + ݔ2 + 2ሻ ݔ2 ݑ  ݔ݀  + 2ሻ −  න2 − ݔ2  ଶݔ+ + ݔ2 + 2ሻ + ݔ2

6 Evalu

gration by p

GHANEM

aluate  the 

ߠ ሻݔ tan 1 √ߠ + tanଶ ݒ                   ݒ݀                ߠ
ൌ sec ߠ ߠ −

                                        
න ଶݔ2 + ଶݔ2 + ݔ2 ++ ݔ4 + 2 ൌ ݔ2 − lnሺݔଶ +

 

uate  

parts  (C)    

              M

following

S

 

secଶ  ߠ ߠ ݒߠ݀ ൌ tan ߠ seݒ ൌ sec  ߠ

− ln|sec ߠ +
S               ݀ݒ                  ݒ

+ݔ2 2 − ݔ݀   ݔ2 + ଶݔ2 + +ݔ2 ݔ2 + 2ሻ −

න lnሺݔଶ

                  

6516       

g integral

Solution݀ݔ ൌ sec

ߠ ൌ  න ߠ tansecec  ߠ

+ tan |ߠ + ܿ
Solutionݒ ൌ ݒ ݔ݀ ൌ  ݔ

2+ ଶݔ – 2 +− 2 tanିଵሺݔ

+ ݔ2 + 2ሻ

                 

    68855

න ݔ tan√ 1 +
n ଶ ߠ  ߠ݀

n cߠ ߠ  secଶ ߠ ݀
ܿ ൌ √ 1 + ݔ
n 

2+ ݔ2 + 2 ൌݔ + 1ሻ + ܿ

ሻ  ݔ݀

2x

                  

              

nିଵ +ݔ ଶݔ  ݔ݀

ߠ݀ ൌ න ߠ t
ଶ  tanିଵݔ ݔ

2 − ଶݔݔ2 + 2

 

222 ++
−

x

                  

 غانم        

33

an ߠ  sec ߠ  
− lnห√ 1 +

+ ݔ22 + 2 −  ሺݔ

 

ඥ1 +  ଶθݔ

2

442

22

2

2

−−

++

+
−−

x

xx

xx

   P3 

حسام

3  may  20

 ߠ݀

ଶݔ + หݔ +

ݔ2 + 1ሻଶ + 1

  1 
 

2

4

4

004 A

ܿ  

1  

ݔ



 

Ex

ܫ ൌ න

ܫ ൌ  න   ൌ න  ݑ ൌ݀ݑ ൌܫ ൌ ܫݑ ൌ  −
    ൌ −
     ൌ
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HOS 

xample 

න ݔ2 cosିଵ ඥ
ߠ

න 2 sin ߠ coන cosିଵሺcosߠ                 ൌ ݒݑ              ߠ݀ − න 12−ݑ݀ ݒ cos ߠ 12−ߠ2 cos ߠ 12−ߠ2 sinିଵ ݔ

)   8.1   Integ

SSAM   G

7 Ev

ඥ1 − ଶݔ ݔݔ݀ ൌ sin sin ߠ ߠ ൌ  1ݔ

ߠ ൌ sinିଵ ݔ
osିଵ ඥ1 − ss ሻߠ sin ߠ2 ߠ ݑ                    ݀                     + 12 න coߠ + 14 sin 2 ሺ1 − ଶሻݔ2

gration by p

GHANEM

valuate  th

  ݔ
 ݔ

sinଶ ߠ cos ߠ݀ ߠ  ൌ න ݒ݀ߠ ൌ sin ݒ   ߠ2 ൌ −12 c
os ߠ2 ߠ݀  ߠ2  + ܿ ൌ −2+ 12 ඥ1ݔ  −

 

parts  (C)    

              M

he integral

S

ݔ݀
 

 

ߠ ߠ݀   ൌ න cߠ sin ߠ2 ߠߠ݀   cos ߠ݀    ߠ2

−12 ሺ1 ߠ − 2− ଶݔ  + ܿ 

                  

6516       

න ݔ2 co
Solution

ݔ ൌ cos ߠ

cosିଵ ඥcosߠ 

sinଶ ሻߠ + 12

                 

    68855

osିଵ ඥ1 −
n 

 ߠ݀

 

ଶ ߠ ∙ 2 sin ߠ

12 sin ߠ cos ߠ

                  

              

− ଶݔ  ݔ݀

ߠ cos ߠ   ߠ݀  

ߠ  + ܿ 

                  

 غانم        

   1  

ඥ1 −θ 

   P4 

حسام

17  July  

 

ݔ
− ଶݔ

1999

ݔ



(27)   8.1   Integration by parts  (C)                                                                               P5 

 HOSSAM   GHANEM                     65168855حسام غانم                           

Homework 
 

1 Evaluate  the integral න ଶݔ1 cosିଵ ݔ1 December   2002   27 ݔ݀

2 Evaluate  the integral න tanିଵ ݔ√  ݔ݀

3 Evaluate  the integral න secିଵ ݔ√  ݔ݀

4 Evaluate  the integral න ݔ2 lnሺݔ + 1ሻ July   1999   17 ݔ݀

5 Evaluate  the integral න lnሺ1 + ଵݔଶሻ݀ݔ
଴  

6 Evaluate  the integral න ଷݔ arctan ݔ (points 3) ݔ݀ 37  August 7, 2010

7 Evaluate  the integral න ݔ cosଶ ݔ  ݔ݀

8 Evaluate  the integral න lnሺݔ + 1ሻ√ݔ + 1  ݔ݀

9 Evaluate  the integral න ݁ି௫ lnሺ1 + ݁௫ሻ  ݔ݀

10 Evaluate  the integral න ݔ2 lnሺݔଷ + ሻݔ December   1997   12 ݔ݀

11 Evaluate  the integral න sinିଵ ݔ√ December   1998   15 ݔ݀

12 Evaluate  the integral න ଷݔ  tanିଵ ଶݔ May   2000   19 ݔ݀

13 Evaluate  the integral න ln ଶݔݔ2 May    2001   23 ݔ݀

14 Evaluate  the integral න secିଵ ݔ2 ݔ May   2003   28 ݔ݀

15 Evaluate  the integral න ݁ଶ௫ lnሺ1 + ݁௫ሻ December   2005   39 ݔ݀

16 Evaluate  the integral න tanିଵ ݔ ଶݔ  ݔ݀

17 Evaluate  the integral න ݔ sinିଵ √ݔ 1 − ଶݔ May   1998   13 ݔ݀

 



18 

19 

20 

21 

22 

 

(27)

HOS 

Evaluate 

(5  pts. ) E

Evaluate

Evaluate

Evaluate

)   8.1   Integ

SSAM   G

the followin

Evaluate th

e න ଷݔ
e න ݁௫
e න ݔሺݔ

gration by p

GHANEM

ng. [ 3.5  pt

e following

ଷ ln ඥݔଶ +య
௫ sinଶ ݔ ݔ௫݁ ݔݔ݀ + 1ሻଶ ݔ݀

 

parts  (C)    

              M

Ho

ts.] න ଶݔ
g integral 

+  ݔ݀ 4

 ݔ

 ݔ

                  

6516       

omewo
 ଶ tanିଵ ݔ ݀

න ݔ ሾlnሺ

                 

    68855

ork 

 ݔ݀

ሺ1 + ଶሻሿଶݔ

                  

              

ଶ  ݔ݀

                  

 غانم        

5

38 

3

   P6 

حسام

51  May 13

  Jan. 22, 

37   May   

, 2010

2011

2005



(27)   8.1   Integration by parts  (C)                                                                               P7 

 HOSSAM   GHANEM                     65168855حسام غانم                           

 

20 Evaluate  න ଷݔ ln ඥݔଶ + 4య May   2005   37 ݔ݀

Solution ܫ = ׬  ଷݔ ln ଶݔ√ + 4 య ݔ݀ = ׬ ଵଷ ଷݔ lnሺݔଶ + 4ሻ ݀ݑ     ݔ = lnሺݔଶ + 4ሻ ݒ݀                                    = ݑ݀   ݔ݀ ଷݔ 13 = ଶݔݔ2 + 4 ݒ                                             = ܫ  ସݔ 112 = ݒݑ − න ܫ ݑ݀ ݒ = ସݔ 112   lnሺݔଶ + 4ሻ − 16 න ଶݔହݔ + ଶݔହݔ ݔ݀  4 + 4 = ଷݔ − ݔ4 + ଶݔݔ16 + ܫ  4 = ସݔ 112   lnሺݔଶ + 4ሻ − 16 න ଷݔ − + ݔ4 ଶݔݔ16 + 4 = ସݔ 112   lnሺݔଶ + 4ሻ − 16 න ଷݔ − + ݔ4 8 ∙ ଶݔݔ2 + 4 = ସݔ 112  lnሺݔଶ + 4ሻ − ସݔ 124 − ଶݔ 13 − 43 lnሺݔଶ + 4ሻ + ܿ 
 

21 Evaluate  න ݁௫ sinଶ ݔ  ݔ݀

Solution ܫ = න ݁௫ sinଶ ݔ ݔ݀ = 12 න ݁௫ሺ1 − cos ሻݔ2 =      ݔ݀ 12 න ݁௫ − ݁௫ cos ݔ2 ݔ݀ = 12 ݁௫ −  12 න ݁௫ cos ݔ2 ଵܫ  ݔ݀   =  න ݁௫ cos ݔ2 ݑ   ݔ݀  = cos ݔ2 ݒ݀                                   = ݁௫ ݀ݑ݀ ݔ =  −2 sin ݔ2 ݒ                       ݔ݀  =  ݁௫ ܫଵ = ݒݑ − න ଵܫ ݑ݀ ݒ = ݁௫ cos ݔ2 + න 2݁௫ sin ݔ2 ݔ݀                           → ଶܫ   1   = න 2݁௫ sin ݑ   ݔ݀  ݔ2 = sin ݔ2 ݒ݀                                      = 2݁௫ ݀ݑ݀ ݔ = 2 cos ݔ2 ݒ                             ݔ݀  =  2݁௫ ܫଶ = 2݁௫ sin ݔ2 − 4 න ݁௫ cos ݔ2 ଶܫ  ݔ݀   = 2݁௫ sin ݔ2 − ଵܫ 4                                                    →   2   2    in    1  ܫଵ = ݁௫ cos ݔ2 + 2݁௫ sin ݔ2 − ଵܫ ଵ 5ܫ 4 = ݁௫ cos ݔ2 + 2݁௫ sin ଵܫ  ݔ2 = 15 ݁௫ cos ݔ2 + 25 ݁௫ sin ݔ2 + ܿଵ ܫ = 12 ݁௫ −  110 ݁௫ cos ݔ2 − 15 ݁௫ sin ݔ2 + ܿ 

xx

x

xx

x

xx

xx

4

16

164

4

4

4

3

3

3

35

52

−

+

−−

−

+

+

++

−−



ݔሺ ݔ ݔሺܣ+ +at    ݔat    ݔݔ ሺݔ +∴ ܫ ଵܫ=       = = ݑ     ݑ݀= ܫ= = ଵܫݑ ܫ    2 = = ሺ
 
       
 

(27)

HOS 

22 

1ሻଶ = ݔሺܣ ++ 1ሻ + ܤ ݔ= = ݔ        1− = 0            1ሻଶ = 1ሺݔ +=  න ݔ௫ሺ݁ ݔ + 1ሻ= න  ݁௫ሺݔ + 1ሻන  ݁௫ሺݔ + 1ሻ=  1ሺݔ + 1ሻ    = −1ሺݔ + 1ሻଶ ݒݑ݀  − න ݔ௫ሺ݁ ݑ݀ ݒ + 1ሻ + න
in    1   ݁௫ሺݔ + 1ሻ + න
           

)   8.1   Integ

SSAM   G

Eva

+ܣ 1ሻ + ݔሺܤ += ⇒  ݔ ܤ = −⇒ ܣ − 1 =1+ 1ሻ − 1ሺݔ +ሻଶ ݔ݀ =  න
ሻ ݔ݀  – න ሺݑ                ݔ݀                     ݔ݀ݔ න  ݁௫ሺݔ + 1ሻଶ

න  ݁௫ሺݔ + 1ሻଶ ݀

gration by p

GHANEM

aluate  

+ܤ 1ሻଶ  
1 = 0        ⇒1+ 1ሻଶ ݁௫ ∙ ݔሺ ݔ + 1 ݁௫+ 1ሻଶ ݔ݀    
                                         
ݔ݀                

ݔ݀ − න  ݁ሺݔ +

parts  (C)    

              M

න ݔ ݁௫ሺݔ + 1
S

ܣ = 1 

ሻଶ ݔ݀ =  න                →
ݒ݀      = ݁௫      ݒ = ݁௫

              →
݁௫+ 1ሻଶ ݔ݀  =

                  

6516       

௫1ሻଶ  ݔ݀

Solution

݁௫ ൬ 1ሺݔ + 1→   1   
௫ ݀ݔ 

 

 2  

=  ݁௫ሺݔ + 1ሻ +

                 

    68855

n 

1ሻ − 1ሺݔ + 1

+  ܥ

                  

              

ሻଶ൰  ݔ݀

                  

 غانم        

   P8 

حسام


